We give some p-adic integral representations for the two-variable p-adic L-functions introduced recently by G. Fox. For powers of the Teichmu¨ller character, we use the integral representation to extend the L-function to a larger domain, in which it is a meromorphic function in the first variable and an analytic element in the second. These integral representations imply systems of congruences for the generalized Bernoulli polynomials, improving previous results of Fox, Gunaratne, and the author; they also lead to generalizations of some formulas of Diamond and of Ferrero and Greenberg for p-adic Lfunctions in terms of the p-adic gamma and log gamma functions. r 2002 Elsevier Science (USA). All rights reserved.
Introduction
In a recent article [7] Fox defined a two-variable p-adic L-function L p ðs; t; wÞ for Dirichlet characters w; with the property that He proved that L p ðs; t; wÞ is analytic in s and t for sAC p with jsjoqp À1=ðpÀ1Þ (except for s ¼ 1 if w ¼ 1) and tAC p with jtjp1: Therefore, L p ðs; t; wÞ is a natural extension of the Kubota-Leopoldt p-adic L-function L p ðs; wÞ [10, 9] , which is the function obtained by putting t ¼ 0 in L p ðs; t; wÞ: Fox developed some analytic and arithmetic properties of L p ðs; t; wÞ and used these properties to prove strong general systems of congruences for values of generalized Bernoulli polynomials, which generalize the classical Kummer congruences [1, 2] , and congruences of Gunaratne [8] .
Using a different approach, we proved similar congruences [13] for values of Bernoulli polynomials at arguments corresponding to t values outside the disc of analyticity of L p ðs; t; wÞ: In an effort to explain this phenomenon, we now show that when w ¼ o k is a power of the Teichmu¨ller character, L p ðs; t; wÞ may be extended to a domain which includes tAq À1 Z p ; so that is an analytic function in s (except at s ¼ 1 when w ¼ 1), and an analytic element in t on q À1 Z p : This extension interpolates Bernoulli polynomial values from (1.1) and from the congruences in [13] . We deduce this result from a p-adic integral representation for L p ðs; t; wÞ; which we give in Section 3 for Dirichlet characters of p-power conductor. In Section 4 we give a slightly different integral representation in the case of characters whose conductor is not a power of p: These integral representations then produce systems of congruences which generalize the results of [7, 8, 13] .
Whereas the usual integral representations for L p ðs; wÞ involve ''fixed'' p-adic measures (the regularized Bernoulli measures) on a space X n which varies with the character w; we employ an approach for L p ðs; t; wÞ in which the space of integration Z Â p is fixed and the measure varies with the character, as well as with t: This approach allows us to eliminate the regularizing factor ð1 À wðbÞ/bS 1Às Þ from our formulas for L p ðs; t; wÞ in the case of characters w whose conductor is not a power of p: The elimination of this factor facilitates the study of the analytic properties of L p ðs; t; wÞ for such characters w: As an illustration we give a generalization to L p ðs; t; wÞ of a formula of Diamond [4] and of Ferrero and Greenberg [6] for L 0 p ð0; wÞ: Of course the regularizing factor cannot be removed in the case of powers of the Teichmu¨ller character, because its vanishing at s ¼ 1 is needed to ''correct'' the singularity of L p at s ¼ 1 when w is the trivial character; indeed this factor vanishes for all b only when w ¼ 1 and s ¼ 1:
There is some flexibility in these integral formulas with respect to the characters involved, in that both the integrand and the measure are defined in terms of Dirichlet characters. For example, in Section 3 we show that for powers of the Teichmu¨ller character o; we can define L p ðs; t; o k Þ (up to the regularizing factor) as a p-adic Gtransform of the measure o iÀ1 m o j ;b;x for any choice of integers i; j such that i þ j ¼ k: That these fðqÞ different definitions all define the same function for tAZ p can be verified by straightforward computations with the associated formal power series; or, since Fox has shown that L p ðs; t; wÞ is the unique function analytic in s satisfying (1.1), by observing that these integral representations are analytic in s and by definition agree with L p ðs; t; wÞ on sets with limit points in Z p : In the same way, when p ¼ 2 and w is not of the second kind, we show in Section 5 that there are two natural ways to extend the function L 2 ðs; t; wÞ to values of t in 1 2 Z 2 which satisfy (1.1) when tAZ 2 ; but for tAð 1 2 Z 2 Þ\Z 2 these two extensions are not equal.
Preliminaries
Throughout this paper, p will denote a prime number, Z p the ring of p-adic integers, Z Â p the multiplicative group of units in Z p ; Q p the field of p-adic numbers, C p the completion of an algebraic closure of Q p ; and O the subring O ¼ fxAC p : jxjp1g of C p ; where j Á j denotes the absolute value on C p normalized so that jpj ¼ p À1 : We let ord p denote the additive valuation on C p normalized so
p is defined by setting oðaÞ to be the unique fðqÞth root of unity congruent to a modulo qZ p ; and we define /aS by a ¼ oðaÞ Á /aS for aAZ Â p : Following [7] , if aAZ Â p and tAO; we extend these definitions by oða þ qtÞ ¼ oðaÞ and a þ qt ¼ oðaÞ Á /a þ qtS; we also consider o as a Dirichlet character of conductor q by setting oðnÞ ¼ 0 if p divides n: If K is a finite extension of Q p then O K ¼ O-K will denote its ring of integers, and O K ½T À 1 and O K ½½T À 1 denote, respectively, the ring of polynomials and of formal power series in the indeterminate ðT À 1Þ over O K :
The set L O K of all O K -valued measures on Z p forms a ring under addition and convolution of measures. This ring is isomorphic to the formal power series ring 
for kX0 as a polynomial in X ; and replace X by D:
3. Characters of p-power conductor
Using a modification of a regularized Bernoulli measure on Z Â p ; in this section we give an integral representation for L p ðs; t; wÞ in the case where the conductor of w is a power of p: We recall that Dwork's shift map x/x 0 is defined [5] for xAZ p by the relation px 0 À x ¼ m x Af0; 1; y; p À 1g; so that m x is the least nonnegative integer representative of the class of Àx modulo pZ p : Remarks. The measure Àm 1;b;1 defined above is a regularized Bernoulli measure on Z Â p : For any xAZ p ; if ba1 is chosen so that ðb À 1Þx 0 ðmod f Z p Þ; the measure m w;b;x is an O K -valued measure, so by writing x ¼ Àqt we can take this integral as defining for tAq À1 Z p a meromorphic function of s; analytic for sa1; which agrees with the function L p ðs; t; wo i Þ defined by Fox if tAZ p : When b can be chosen so that we also have wo i ðbÞa1; then this extended function will be analytic for all sAD; this is indeed the case for all xAZ p when w ¼ 1 and
Proof. We assume ðb; pÞ ¼ 1 and write hðTÞ ¼ h w;b;x ðTÞ ¼ gðTÞ=ðT bf À 1Þ; where As the p-adic G-transform of the measure o iÀ1 m; the integral on the left is analytic for sAD (cf. [11, Corollary 12.5] ). If tAZ p and wo i a1; then L p ðs; t; wo i Þ is analytic for sAD by Theorem 3.13 in [7] , so the right-hand side of (3.9) is analytic in s; being the product of two analytic functions. And if wo i ¼ 1 then for all tAZ p ;
A wo i ðs þ 1; tÞ ð3:10Þ is analytic for sAD; being the product of two analytic functions (cf. (2.9) above and Theorem 3.13 of [7] ). Thus in any case both sides of (3.9) are analytic for sAD; since they agree on the set fsAZ : sX0; s i À 1 ðmod fðqÞÞg; their equality holds for all sAD: & This integral representation leads directly to the following congruences for the generalized Bernoulli polynomials. where hðe u Þ ¼ P a n u n =n! and ðchÞðe u Þ ¼ P a n n u n =n!; and h; ch are given by (3.5) and (3.6). We see that a m is a polynomial in x and a n m is a polynomial in x 0 ; so the integral in (3.20) represents an analytic element in x on Z p for any nonnegative integer m: 
Characters not of p-power conductor
If w is a Dirichlet character whose conductor f is not a power of p; there is no need to use a ''regularized'' measure to express L p ðs; t; wÞ as a p-adic G-transform. Here again we work with O K -valued measures on Z p ; where K ¼ Q p ðwÞ; which are constructed directly from w: As the p-adic G-transform of the measure o m m; the integral on the left is analytic for sAD [11, Corollary 12.5] ; by [7, Theorem 3.13] , the L-function on the right is also analytic for sAD: Since both sides are analytic and they agree on the set fsAZ : s > 0; s m ðmod fðqÞÞg; their equality holds for all sAD: & The following system of congruences, whose proof is easier than that of Corollary 3.2 due to the absence of the regularizing factor, follows directly from this theorem. For the characters involved this corollary improves Theorems 4.10 and 4.12 of [7] by relaxing the restriction on jtj by a factor of pq À1 F 0 ; where F 0 ¼ lcmð f ; qÞ; and it improves Theorem 4.2 of [13] by removing the restriction that fðqÞ divides c:
By means of the isomorphism
we can express L p ðs; t; wÞ as an integral with respect to the measure m w;0 for all tAO: Corollary 4.3. If w is a primitive Dirichlet character whose conductor f is not a power of p; then for any tAZ p ;
where d qt is the Dirac measure at qt and * denotes convolution of measures. Consequently, for tAO; sAD; and mAZ we have 
ð4:8Þ which clearly shows that for any sAD the integral on the right-hand side in (4.7) is analytic in t for tAO: Since both sides of (4.7) are analytic for tAO and they agree for tAZ p ; they must be equal for all tAO: & We now show how this corollary can be used to express the partial derivative with respect to s of L p ðs; t; wÞ at s ¼ 0 in terms of p-adic special functions, generalizing formulas of Diamond [4] and Ferrero-Greenberg [6] . We recall [9] 
; wÞ log p ð f Þ; ð4:18Þ using the fact that G p is locally analytic on C p \Z p (cf. [3] 
Proof. Using (4.19) and (4.14) we compute In this last section we describe how L 2 ðs; t; wÞ may be extended via the 2-adic Gtransform to tA 1 2 Z 2 ; when the character w is not of the second kind. The extension is not unique, as it is analytic in t only on O; but is sufficient to imply congruences which complement those of Corollaries 3.2 and 4.2 of this paper, and generalize Theorem 4.2 of [13] . We say that a Dirichlet character w is a character of the first kind We conclude by stating the congruences for the generalized Bernoulli polynomials which follow directly from this theorem.
Corollary 5.2. Let p ¼ 2; let w be a Dirichlet character which is not of the second kind, and let tA When c is even, this result is covered by [13, Theorem 4.2] ; indeed the factor of ðÀ1Þ m in the terms of the congruences was invisible to that theorem because of its assumption that c was even. When wao the factor of 1=2 in the moduli of the congruences may be omitted; this factor arises from the 2-ordinal of the regularizing factor, as in the proof of Corollary 3.2.
